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ŝ   direction vector inside a medium 
T   transmittance 
t   transmission function in the adding-doubling method 
X or Y  physical thickness of a medium; Chandrasekar’s X or Y function 
x   coordinate; CIE xy chromaticity; 
 
Greek Symbols 
α   absorption coefficient 
β   extinction coefficient 
Θ   scattering angle 
θ   polar angle 
µ   cosine of the polar angle 
ξ   average path of the radiative heat flux in the Kubelka-Munk model 
σ   scattering coefficient 
σ ′   reduced scattering coefficient 
τ   optical thickness 
Φ   scattering phase function 
φ   azimuth angle 
Ω   solid angle 






o  observation 
i  incidence 
dif  diffuse 
col  collimated 
ref  reflection 
tran  transmission 
HG  Heyney-Greenstein 
KM  Kubelka-Munk 







The scattering of light in a turbid medium, such as Polytetrafluoroethylene 
(PTFE), has been studied in various areas including colorimetry, atmosphere science, 
astrophysics, and photometry. As early as in 1905, Schuster studied the light radiation 
through a foggy atmosphere, and developed the so-called two-flux method. The Kubelka-
Munk model is a very useful particular case of Schuster’s theory without considering the 
spontaneous emission of the diffuse medium. Researchers have added other fluxes to the 
two-flux approximation, and developed the three-flux method, four-flux method, etc. The 
angle-resolved scattering of a turbid medium could not be predicted until the more 
general radiative transfer equation (RTE) was developed. The common techniques for 
solving the RTE include Chandrasekhar’s X and Y functions, discrete-ordinates method, 
Monte Carlo method, and the adding-doubling method. 
PTFE is a highly scattering material and has been regarded to have optical 
properties similar to biological tissues. While many studies have measured the 
bidirectional reflectance distribution function (BRDF) of a thick PTFE slab, little is 
known in regards to its scattering coefficient and scattering phase function. In the present 
study, the ranges of the scattering coefficient, absorption coefficient, and the asymmetric 
parameter of the Henyey-Greenstein scattering phase function are assessed using 
semitransparent sintered PTFE films whose thicknesses range from 0.11 mm to 10 mm. 
The BRDF and bidirectional transmittance distribution function (BTDF) of these PTFE 




directional-hemispherical reflectance and transmittance were obtained by integrating 
BRDF and BTDF at normal incidence. In order to minimize the influence of the biased 
uncertainty of the scatterometer, the ratio of the reflectance and transmittance was fitted 
with that calculated by the adding-doubling method. The scattering coefficient of PTFE is 
estimated to exceed 11200 cm− . On the other hand, the absorption coefficient should be 
less than 10.01 cm−  in order for the directional-hemispherical reflectance of the 10-mm-
thick PTFE slab to be near and above 0.98. The ranges of the scattering coefficient and 
absorption coefficient of PTFE determined in this study differ from that reported in 
literature. 
A Monte Carlo simulation was employed to predict the BRDF and BTDF of 
PTFE films, then the calculations were compared with measurements at various incidence 
angles. The accuracy and application regime of some analytical expressions of BRDF and 
BTDF were also discussed. The approach used in this study is beneficial to the 







Light scattering of semi-transparent materials, such as Polytetrafluoroethylene 
(PTFE), is of great importance in areas including colorimetry, atmosphere science, 
astrophysics, and photometry. One of the important features of PTFE is its diffuse 
scattering characteristics. The diffuse reflection of PTFE is mainly due to the volume 
scattering of light inside the material. When the light enters a PTFE material, it is 
scattered by microstructures and propagates in random directions before escaping the 
medium.  
While many studies have measured the bidirectional reflectance distribution 
function (BRDF) of a thick PTFE slab, little is known in regards to its scattering 
coefficient and scattering phase function. The difficulties of the determination of these 
parameters are due to the highly scattering characteristics of PTFE. The scattering 
coefficient can be determined using the Beer’s law if the collimated transmittance of a 
PTFE film with fixed-thickness can be measured. However, unless the PTFE films can be 
made thinner than approximately four times the mean free path of the incident light, it is 
difficult to determine the collimated light transmittance. This difficulty also applies to the 
determination of scattering phase function by measuring the angular distribution of 
scattered light from a PTFE film because the single scattering condition cannot be 
guaranteed. Furthermore, the measurement of absorptance of PTFE using an integrating 
sphere is problematic because the absorption coefficient of this material is so small that 
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the uncertainty of integrating sphere measurements often makes the absorptance 
indistinguishable.  
In the present study, the ranges of the scattering coefficient, absorption 
coefficient, and the asymmetric parameter of the Henyey-Greenstein scattering phase 
function are assessed using semitransparent PTFE films. The BRDF and bidirectional 
transmittance distribution function (BTDF) of PTFE were measured using a 
scatterometer. Based on the determined scattering coefficient, absorption coefficient, and 
asymmetric parameter of the phase function, the BRDF and BTDF are predicted using a 
Monte Carlo simulation, and compared with the measurements at various incidence 
angles. 
This work involves both instrumentations of optical engineering and 
mathematical modeling of radiative heat transfer. The work will help people improve the 
understanding of light scattering in a highly scattering, little absorbing medium, such as 
PTFE. It is also important for future research of light scattering in biological media for 
disease diagnostics and laser medicine. 
This thesis is organized as follows: Chapter 1 gives an introduction of the project 
in terms of the problem, approach, and contributions. Chapter 2 presents a literature 
review in this area. Chapter 3 discusses measurements of the bidirectional and 
hemispherical properties of PTFE. Chapter 4 describes the theory and results. Chapter 5 







2.1 Light Scattering Study of Polytetrafluoroethylene  
PTFE has been widely used as diffuse reflectors whose diffuse characteristics are 
due to the volume scattering of light inside the material. PTFE has been used as the 
standard of a diffuse reflector for the 200 nm to 2500 nm spectral range by the National 
Institute of Standards and Technology (NIST) [1]. In remote sensing, PTFE has been 
used as a calibration standard for onboard sensors on satellites [2-5]. PTFE is used as the 
coating layer in integrating spheres for the study of reflectance and transmittance of 
materials [6]. In colorimetry, it is used as whiteness standards [7,8]. The study of the 
scattering characteristics of PTFE is of great importance. 
The light scattering characteristics of PTFE have been studied extensively. In the 
visible spectrum region, the wavelength and sample density have no obvious influence on 
the bidirectional properties of PTFE given that the optical thickness of the samples are 
large [6,9]. The stability of the optical properties of PTFE was tested, and no degradation 
was apparent following proton bombardment and ultra violet illumination [3]. The 
degradation of optical properties of a PTFE diffuser after being contaminated by a layer 
of deposited silicone was modeled [4]. Polarization characteristics of PTFE illuminated 
by coherent light were studied [10]. Measurement data of the BRDF of PTFE diffusers 
was published by various research groups [6,7,9,11]. However, few works have 
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quantitatively compared the measured BRDF data and scattering models of PTFE films at 
various incident and viewing angles. 
 
2.2 Radiative Transfer Equation  
The radiative transfer equation (RTE) [12], which governs the radiative heat 
transfer inside a participating medium, is of great importance in studying light scattering 
of PTFE. As a beam of light travels a distance ds  in a specific direction inside the 
medium, the radiance is attenuated due to scattering and absorption. Conversely, the 
radiance is enhanced by blackbody emission and the incoming scattering light from other 
directions. By considering the change of radiance along a specific direction ŝ  due to 
emission, absorption, scattering away from the radiance (i.e. out-scattering), and 
scattering into the direction of ŝ  (i.e. in-scattering), a general form of RTE is expressed 
in the following equation. 
 i i i4
ˆ( ) ˆ ˆ ˆ ˆ( ) ( ) ( ) ( , )
4b




= − + + Φ Ω∫
s s s s s   (2.1) 
where I  is the radiance, s  is the physical distance, α  is the absorption coefficient,  σ  is 
the scattering coefficient, iŝ  is the direction vector of the in-scattering radiance, Φ  is the 
scattering phase function, and iΩ  is the solid angle of the in-scattering radiance.  
Both directional-hemispherical and bidirectional properties of the medium can be 
derived by solving the RTE. However, due to the complexity of the equation, there is no 
effective method to solve the RTE in an analytical format without approximation. In 
order to solve the RTE researchers developed several numerical methods, including the 
discrete-ordinates method [13,14], the spherical-harmonics method [15], Mishchenko’s 
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algorithm [16], the finite-element method [17-19], and the Monte Carlo method [20-23], 
etc. In recent years, the diffusion theory was used to approximate the RTE when the 
medium is mostly scattering, especially in the field of optical scattering in biological 
tissues [24-27]. 
In order to describe the light propagation in a PTFE slab using the RTE, three 
parameters including the scattering coefficient, absorption coefficient, and the scattering 
phase function need to be determined. The determination of these parameters typically 
requires several measurements, among which are [28]: (1) directional-hemispherical 
reflectance; (2) directional-hemispherical transmittance; (3) absorptance of the sample; 
(4) collimated light transmittance; and (5) angular distribution of scattered light from a 
sample whose thickness should be thin enough to guarantee that only single scattering 
occurs.  
Huber et al. [29] reported the three parameters of PTFE by measuring the 
directional-hemispherical reflectance, directional-hemispherical transmittance, and the 
collimated light transmittance of samples whose thicknesses ranged from 190 µm to 845 
µm. The scattering parameters of PTFE reported in their study are very similar to those of 
biological tissues [28]. For example, the scattering and absorption coefficients at 633 nm 
were 1240 cm−  and 13.6 cm− , respectively. However, it appears that the authors of this 
study did not distinguish the scattered light in the parallel direction from the collimated 
light transmission. For PTFE samples with thicknesses greater than 190 µm, the scattered 
light would dominate the transmittance even in the direction parallel to the incident light; 
in other words, the collimated light transmittance is essentially zero and not detectable. 
Unless the PTFE films can be made thinner than approximately four times the mean free 
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path of the incident light, it is not feasible to determine the scattering coefficient due to 
the highly scattering and highly non-isotropic scattering characteristics of a PTFE 
material. This difficulty also applies to the determination of scattering phase function by 
measuring the angular distribution of scattered light from a sample because the single 
scattering condition cannot be guaranteed. Furthermore, the measurement of absorptance 
of PTFE using an integrating sphere is problematic because the absorption coefficient of 
this material is so small that the uncertainty of integrating sphere measurements often 
makes the absorptance indistinguishable.  
 
2.3 Modeling of the Directional-Hemispherical Properties  
Before the development of the RTE, researchers had studied the directional-
hemispherical properties of a turbid medium via several approximation methods. As early 
as in 1905, Schuster [30] studied the light radiation through a foggy atmosphere, and 
developed the so-called two-flux method. In color industry, where color matching is of 
great interest, the Kubelka-Munk model is widely used for the calculation of light 
reflectance of a turbid medium [31,32]. The Kubelka-Munk model is a very useful 
particular case of Schuster’s theory without considering the spontaneous emission of the 
diffuse medium [33]. The Kubelka-Munk model has been the most popular method in 
color-matching industry for more than half century due to its simplicity and effectiveness 
[33]. Based on the two-flux approximation, researchers developed the three-flux method, 
four-flux method, etc. [33-37]. Using these approximations, the directional hemispherical 
properties of a turbid medium can be expressed in closed forms. Comparing with these 
approximation methods, the adding-doubling method is able to derive the directional-
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hemispherical properties by numerically solving the RTE. Due to its effectiveness and 
accuracy in calculating reflectance and transmittance [38], the adding-doubling method is 
widely used, especially in the study of light scattering in biological tissues. 
 
2.3.1 The Kubelka-Munk model 
Originally published in 1931, then with a modification in 1948, the Kubelka-
Munk model is widely used nowadays in industries, such as textile, paint, plastics, 
geophysics, and food, etc., where the calculation of light reflectance of scattering media 
is needed [31,32]. After the establishment of the Kubelka-Munk model, modifications 
and some variables trying to address the limitations of the model were proposed. 
However, the Kubelka-Munk model retained its popularity because of its simplicity. A 
detailed review and comments of the Kubelka-Munk model and its variables can be 
found in a review paper [33]. 
Kubelka and Munk assumed two fluxes of light traveling in a medium, following 
the treatment originated by Schuster in 1905 when he studied light scattering in a foggy 
atmosphere. Of these two fluxes of light, one flux travels upward, the other travels 
downward. The reflectance of the medium can be derived as a simple function of the ratio 
of the Kubelka-Munk absorption and scattering coefficients. Here, the Kubelka-Munk 
theory is summarized with some clarifications.  
In the 1931 paper, the two fluxes were expressed as i and j as shown in Fig. 2.1 
[32]. While passing through an infinitesimal slab of thickness dx from x1 to x2, the 
intensity changes of the two fluxes are di and dj, respectively. A system of differential 
















Figure 2.1 Schematic of the two fluxes in the Kubelka-Munk model. Here, i represents 
















Figure 2.2 The passage of light in Kubelka-Munk’s modified model. The angular 
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where S is the scattering coefficient; K is the absorption coefficient. After a few steps of 
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where R∞  is the reflectance of an infinite scattering layer, and gR  is the reflectance of 
the substrate layer. Furthermore, R∞  is a function of the ratio of the absorption 
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In his 1948 paper, Kubelka realized the fact that the path of a ray of light passing 
through a layer of thickness dx is not dx but / cosdx θ , illustrated in Fig. 2.2 [31]. In other 
words, the angular distribution of light intensity was considered in this modified model. 












∂∫  (2.5) 
where ( )/ sin 2i iθ θ∂ ∂ =  is the angular distribution of the light intensity.    
However, Kubelka’s expression of the average path is somewhat problematic. The 
physical meaning of i  is confusing. The expression of ( )/ sin 2i iθ θ∂ ∂ =  is not 
mathematically rigorous. Actually the so-called intensity i  in the Kubelka-Munk theory 
could be considered as the hemispherical radiative heat flux, which is in linear 
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where I, with unit W/(m2sr), is the radiance inside the medium. Since the scattering of 
light inside the medium is assumed isotropic in Kubelka-Munk’s theory, I does not 
depend on θ . The relationship of ( )/ sin 2i iθ θ∂ ∂ =  should be understood as the angular 
distribution of heat flux, or the contribution of the amount of heat flux within an 
infinitesimal polar angle dθ to the hemispherical heat flux  
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For diffused light, 2u =  since I does not depend on θ. With the modification of the light 
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where ( ) /a S K S= + , 2 1b a= − , S and K are the Kubelka-Munk scattering and 
absorption coefficients, and gR  is the reflectance of the substrate layer.   
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The Kubelka-Munk model has been widely used in industry for the calculation of 
hemispherical reflectance of a turbid medium due to its simplicity. However, the 
applications of the model were limited by its assumptions. The Kubelka-Munk model 
cannot deal with parallel light. To address the issue of directional light, the three-flux and 
four-flux models were proposed. 
 
2.3.2 Three-flux model 
The three-flux model [13,39,40] is used to predict the reflectance and 
transmittance of a turbid medium with a collimated incidence of light. In this model, 
there are three fluxes in the medium as shown in Fig. 2.3. Here, F1 represents the 
collimated beam traveling in the positive x direction, F2 represents the diffuse flux in the 
same direction of F1, and F3 represents the diffuse flux in the opposite direction of F2. 
Within a differential distance dx, the collimated flux can be scattered into the diffuse 
fluxes F2 and F3. The diffuse fluxes F2 and F3 can be scattered into each other. However 
the diffuse fluxes F2 and F3 cannot be scattered into F1 since there is no solid angle 
associated with F1 due to its collimation characteristics. The governing equations are 
given as [13,40] 
 1 1 2 1( )
dF a S S F
dx
= − + +  (2.11) 
 2 1 1 2 3( )
dF S F A S F SF
dx
= − + +  (2.12) 
 3 2 1 2 3( )
dF S F SF A S F
dx
− = + − +  (2.13) 
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where a is the absorption coefficient of the collimated flux F1, A is the absorption 
coefficient of the diffuse fluxes of F2 and F3, S1 is the scattering coefficient from the 
collimated flux F1 to the diffuse flux F2, S2 is the scattering coefficient from the 
collimated flux F1 to the diffuse flux F3, S is the scattering coefficient from a diffuse flux 
to the diffuse flux of the opposite direction. It is noted that the absorption coefficient a in 
the three-flux model equals α  which is the absorption coefficient used in the RTE. 
Solutions of the above system of equations are 
 1 1
mxF C e−=  (2.14) 
 2 1 2 3(1 ) (1 )
mx x xF C e C G e C G eν ν− −= + + + −  (2.15) 
 3 1 2 3(1 ) (1 )










Figure 2.3 Illustration of the three-flux method for the study of light scattering and 
absorption in a turbid medium. F0 represents the collimated incidence beam. F1 
represents the collimated beam traveling in the positive x direction. F2 represents the 
diffuse flux in the same direction of F1. F3 represents the diffuse flux in the opposite 
direction of F2. 
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where 1 2m a S S= + + , [ ]1/ 2( 2 )A A Sν = + , and [ ]1/ 2/( 2 )G A A S= + . The diffuse 
reflectance diffuse transmittance and collimated light transmittance are: 
dif 3 2(0) (0)R F F= − , dif 2 3( ) ( )T F X F X= − , and col 1( )T F X= . 
In this study, the PTFE films were illuminated by collimated light flux 0F . If 
0 1F = , then the unscattered transmittance, the total transmittance, and the total 
reflectance are 1( )F X , 2( )F X , and 3(0)F , respectively. The system is subjected to these 
boundary conditions: 1 0(0) 1F F= = , 2(0) 0F = , and 3( ) 0F X = . Therefore, 
 1 1C =  (2.17) 
 2 13 2 2
(1 ) (1 )
(1 ) (1 )
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. The values of the five 
parameters, a, A, S, S1, and S2 of the three-flux model depend on material properties. It is 
known that the summation of S1 and S2 equals the scattering coefficient used in RTE [13] 
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where the scattering angle Θ  is angle between the propagation direction of a photon 
bundle before a scattering event and that after a scattering event, Φ  is the scattering 
phase function, and Pn is the Legendre polynomial. Furthermore, it is found that 2A α≈  
and 0 1(3 ) / 4S g gσ≈ −  [13]. Here, α  and σ  are the absorption and scattering 
coefficients used in RTE, respectively. 
The three-flux model has been used for the modeling of light propagation in a 
gray epoxy paint [39], where the relationship between S1 and σ  described in Eq. (2.21) 
was simplified as 1 1(1 / 2) / 2S gσ= + . All the higher order terms were neglected. It is 
noted that this simplification is only valid for materials whose average cosine of the 
scattering phase function (i.e. the asymmetric parameter, g) is small. On the other hand, 
this simplification could introduce large errors if the materials to be modeled are highly 
anisotropic. Therefore, the higher the degree of anisotropic scattering of the sample, the 
more terms should be used in Eq. (2.21) in order to minimize the error caused by the 
truncation of higher order terms.  
 
2.3.3 Adding-Doubling method  
The adding-doubling method was introduced by van de Hulst [41] to solve the 
RTE in a parallel slab composed of multiple layers. In the adding method, if the 
reflection and transmission functions of each individual layer are known, the reflection 
and transmission functions of the composite can be calculated. The adding method is 
termed as the doubling method when the layers are identical in both thickness and all the 
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RTE parameters [42]. The reflection and transmission functions for an arbitrarily thick 
slab can be obtained by repeatedly adding and doubling the layers until the desired 
thickness is reached. Subsequently, the directional-hemispherical reflectance and 
transmittance can be calculated by integrating the reflection and transmission functions. 
The adding-doubling method requires the knowledge of the scattering albedo, optical 
thickness ( )dτ σ α= +  with d as the film thickness, and the asymmetric parameter of the 
scattering phase function to predict the directional-hemispherical properties of PTFE 
films. 
At the first step, the adding-doubling method numerically solves the RTE for a 
starting thin slab of the medium. For example, the starting thin slab could be so thin that 
only single scattering happens in the slab. For such a thin layer, the single scattering 
reflection function can be defined as [43] 
 ii
i i
( , )( , , , ) 1 exphr ωπ µ µ τ τω τ µ µ
µ µ µ µ
⎡ ⎤⎛ ⎞−
= − − −⎢ ⎥⎜ ⎟+ ⎝ ⎠⎣ ⎦
 (2.23) 
where ω is the single scattering albedo, h is the scattering redistribution function, τ is the 
optical thickness, µi is the cosine of the incidence polar angle, and µ is the cosine of the 
reflected radiance polar angle. For Henyey-Greenstein scattering function, the 
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where g is the asymeteric parameter (average cosine) of the Henyey-Greenstein phase 
function, and the parameters of Μ, Ν, and U are defined as 2 i1 2M g gµµ= + − , 
2 2
i2 1 1N g µ µ= − − , 2 /( )U γ α γ= + , and E(U) is the complete elliptical integral 
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[43]. The internal reflection and boundary conditions could also be considered if 
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 (2.25) 
The reflection function and the transmission function are used to transform any 
incident radiance distribution in i( )I µ  into the reflected radiance distribution ref ( )I µ  and 
transmitted radiance distribution tran ( )I µ  by [41] 
 ( )1ref i in i i i0( ) , ( )2I r I dµ µ µ µ µ µ= ∫  (2.26) 
 ( )1tran i in i i i0( ) , ( )2I t I dµ µ µ µ µ µ= ∫  (2.27) 
With the knowledge of ref ( )I µ  and tran ( )I µ , the directional-hemispherical reflectance 
and transmittance can be calculated by integration.  
The adding-doubling method can also be used inversely, and called the Inverse 
Adding Doubling (IAD) method. With the knowledge of the reflectance and 
transmittance of the starting thin slab, the IAD method uses the following steps to 
determine the optical properties of the medium [42]: (1) Guess a set of initial values of 
the optical properties to be determined; (2) Calculate the reflectance and transmittance of 
the sample using the adding-doubling method based on the guessed initial values and the 
reflectance and transmittance of the starting thin slab; (3) Compare the calculated 
reflectance and transmittance with the measured ones, and find out the error which 
defines how far the calculated values are from the measured reflectance and 
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transmittance; and (4) Adjust the initial set of parameters based on the error between the 
calculation and the measurement, then repeat the calculation until a match is made.   
 
2.4 Modeling of the Bidirectional Properties 
The angle-resolved scattering of a turbid medium could not be predicted until the 
more general RTE was developed and able to be solved [12]. Besides the numerical 
solutions, such as the discrete-ordinates method and the Monte Carlo method, some 
approximate analytical expressions are able to describe the bidirectional reflectance of a 
turbid medium in closed forms for some special cases [44-51]. Some of these closed 
forms, including the Hapke’s model, the Pierce-Marcus formulae, and the Sobolev-
Kokhanovsky model, will be discussed in this section. 
 
2.4.1 Terminologies related with bidirectional properties 
Although BRDF is the most basic of all radiation properties, the original forms of 
these models do not follow a unified expression such as the BRDF to describe the 
bidirectional properties. The definitions of these different expressions of bidirectional 
properties are given in this section. Their relationships with the BRDF are also discussed. 
The BRDF is defined as the reflected radiance divided by the incident irradiance 
[52], and given as 
 r r








where Ir is the reflected radiance, iP  is the incident irradiance, Ii is the incident radiance, 
θi is the polar angle of the incident light, and Ωi is the solid angle of the incident light. For 
collimated light, the incident energy flux can be calculated as 
 i i i i i i i2 ( 0)cos cosF I d I Pππ δ θ θ= Ω − Ω = =∫   (2.29) 
where F describes how much the reflected radiance would be if the medium is a 
Lambertian diffuser and the incident power is evenly reflected in all the directions 
perfectly.  
The radiance factor [53] is defined as r i/( cos )I Fρ θ= . Therefore, the 
relationship between radiance factor and the BRDF is given as: 
 r r i r
i i i icos (1/ ) cos cos




θ π θ θ
 (2.30) 
Hapke [44] defined the bidirectional reflectance as the ratio of the reflected radiance and 
the incident radiance r i/I Iχ = . Since i i icosI Pθ =  for collimated incident light 
according to Eq. (2.29), the relationship between χ  amd rf  is given as 
 r icosfχ θ=  (2.31) 
In the following sections, different expressions of bidirectional properties in these models 
will be converted to the BRDF whenever practical. 
 
2.4.2 Hapke’s model 
Based on the RTE, Hapke derived approximate analytic expressions of the 
bidirectional properties of a scattering medium [44]. The medium can be of arbitrary 
single-scattering albedo and phase function. The limitation is that the optical thickness of 
the medium should be infinite. In the coordinate system used by Hapke, the plane surface 
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at 0z =  separates an empty half space 0z >  from a half space 0z <  containing the 
scattering medium. The incident collimated light of intensity iI  travels into a direction 
which forms an angle iπ θ−  with the upward z-axis and has an azimuth angle 0φ = . The 
reflected light forms a zenith angle of θ  with the z-axis. 
Hapke handled the problem by separating the radiance into a singly scattered 
radiance and a multiply scattered radiance. The former can be calculated exactly for any 
arbitrary phase function. The later was calculated using the Schuster two-flux 
approximation, in which the isotropic scattering assumption was assumed based on the 
reasoning that the directional effect would be averaged out in a semi-infinite medium. 
Therefore, the model is referred to as the isotropic multiple-scattering approximation 
(IMSA).  
Hapke started with the light scattering inside of a volume element 2dV L d dL= Ω ,  
where L is the distance between the volume and the detector, and Ω  is the solid angle of 
the volume element. The incident light of the volume dV is separated into two parts. The 
first part, I ′ , is the radiance that comes from the collimated incident light and is 
exponentially attenuated by the passage from the surface to the volume dV. The other 
part, I ′′ , is the diffuse light which has been scattered one or more times by other particles 
before striking on the volume. The power scattered by the particles in dV toward the 
detector can be expressed as 
 [ ]{ } 24 ( , ') ( , ') ( , )4




′ ′′ ′ ′= Ω + Ω Φ Ω Ω Ω∫  (2.32) 
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where ω  is the single scattering albedo, β σ α= +  is the extinction coefficient, and Φ  is 
the phase function. The radiance pointing from the volume element towards the detector 
is 
 [ ]{ }4 ( , ) ( , ) ( , )4




′ ′ ′′ ′ ′ ′= = Ω + Ω Φ Ω Ω Ω
Ω ∫  (2.33)  
Along the passage of the volume and the detector, which is located at L0, the light is 
attenuated by a factor of 0( ) /L L ze e eβ β µ βτ− − −= = , where cosµ θ= . The singly scattered 
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⎡ ⎤′ ′ ′ ′= Ω Φ Ω Ω Ω⎣ ⎦∫ ∫  (2.34) 
where [ ]i/ cos( )i i( ) ( 0)zI I e β π θ δ θ π θ δ φ− −′ = − − −  with δ  as the Dirac-delta function and 
iI  as the radiance of the incident light, z is the distance from the volume to the surface of 
the medium, and cosµ θ= . Therefore, the singly scattered radiance reaching the detector 
can be calculated exactly. 
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⎡ ⎤′′ ′ ′ ′= Ω Φ Ω Ω Ω⎣ ⎦∫ ∫   (2.36) 
The radiance reaching the detector is the summation of the singly scattered radiance and 
the multiply scattered radiance. 
 S MI I I= +  (2.37) 
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To evaluate IM, the two-flux approximation for isotropic scattering was used on the RTE. 
It turns out that the multiply scattered radiance can be approximated as 
 [ ]iM i i
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. Therefore, the Hapke model explicitly expresses the BRDF 
in the following closed-form equation. 
 [ ]r i
i
1 ( , ) ( ) ( ) 1
4
f H Hω µ µ
π µ µ
′= Φ Ω Ω + −
+
 (2.39) 
Comparing with numerical solutions of RTE, some researchers complained its 
low accuracy, violation of the energy conservation law, and ability to produce unphysical 
results [16]. Nevertheless, the closed-form expression bears physical meanings by 
explicitly containing some physical quantities. If the requirement of the absolute accuracy 
of the applications is not high, or if the assumptions or the approximations of some 
parameters of the system limit the accuracy of the system, the exact numerical solutions 
are no more useful, and much more involved, than the closed-form formula.  
 
2.4.3 The Pierce-Marcus formulae 
Comparing with the Hapke model, the limitation of the scattering to be semi-
infinite is released in Pierce and Marcus’s formulae. The drawback of Pierce and 
Marcus’s expressions is that the scattering phase function of the medium has to be 
isotropic. The coordinate system used by Pierce and Marcus is similar as the one used by 
Hapke. The plane 0z =  separates the space and the scattering medium. The z-axis points 
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upwards to the space. The direction of the incident light forms an angle of  iπ θ−  with 
the z-axis. The direction of the reflected light forms an angle θ  with the z-axis.   
Pierce and Marcus started with the expression of BRDF of an isotropic medium in 
terms of Chandrasekar’s X function and Y function [53].   
 [ ]r i i
i
1 ( ) ( ) ( ) ( )
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where i icosµ θ= , cosµ θ= , and ω  is the single scattering albedo. The major 
contribution of Pierce and Marcus was the development of the approximate formulae to 
calculate both the X and Y functions, so as to express the BRDF explicitly. Pierce and 
Marcus also employed the two-flux approximation method, which converts the RTE into 
a system of differential equations of the upwards flux and downwards flux. The X and Y 
functions were able to be approximated with the facility of the system of differential 
equations and its boundary conditions. 
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 (2.42) 
where 2 1γ ω= − , τ  is the optical thickness, and 2 2(2 ) (2 )D e eγτ γτγ γ −= + + − . When 
the optical thickness goes to infinity, the Y function goes to zero, and the X function 
reduces to the H function that is of the same expression as in the Hapke model. The 
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Therefore, in the case of isotropic and semi-infinite medium, the expression of BRDF is 
the same as that of the Hapke model  
 
2.4.4 The Sobolev-Kokhanovsky model 
Figure 2.4 illustrates the coordinate system used in the Sobolev model. The z-axis 
directs downward, and is perpendicular to the boundary of the medium. The polar angle θ  
denotes the angle between the downward z-axis and the radiance vector of interest. The 
azimuth angle φ of a radiance vector is measured from the x-axis in the clockwise 
direction when looking upward. The azimuth angle of the incident radiation is assumed to 








Ι (τ = 0, θ > π/2, φ = π)
θi
Ii (φi=0)
Ι (τ = 0, θ > π/2, φ = 0)
 
Figure 2.4 The coordinate system used in the Sobolev model. One incident light beam 
and two reflected light beams from the top of the scattering layer are illustrated.  It is 
noted that two reflected beams of light have azimuth of 0 and π, respectively.  The zenith 
angle of the reflected radiation falls between π/2 and π. 
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Based on the RTE, but in a particular way, Sobolev derived the reflectance of a 
scattering medium at large optical thickness [50,51]. This method was reviewed in detail 
by Kokhanovsky [48]. Rather than using the two-flux method in solving the RTE as in 
the Hapke model and Pierce and Marcus’s model, Sobolev started by assuming that the 
radiance at large optical thickness can be expressed as: 
 ( , ) ( ) kI i e ττ η η −=  (2.44) 
where k is the diffusion exponent, and the function ( )i η  describes the angular distribution 
of light intensity in deep layers of semi-infinite scattering media. Following the RTE, the 








ωη η η η η
η −
′ ′ ′= Φ
− ∫  (2.45) 
The bidirectional reflection and transmission function is defined as 
[ ]0 i( , , ) ( , ,0) / ( , ,0)R I Iη ξ τ η ξ η ξ ξ= −  and 0 0 i( , , ) ( , , ) / ( , ,0)T I Iη ξ τ η ξ τ η ξ= . Here, iI  is 
defined such that iIπ  is the net flux per unit area normal to the incident light beam, and 
0τ  is the optical thickness of the whole scattering medium. From the physical grounds 
and symmetry relations of reflectance 0( , , )R η ξ τ  and transmittance 0( , , )T η ξ τ , Sobolev 
made another assumption as the following equations. 
 0 0( , , ) ( , ) ( ) ( ) ( )R R f K Kη ξ τ η ξ τ η ξ∞= −  (2.46) 
 0 0( , , ) ( ) ( ) ( )T g K Kη ξ τ τ η ξ=  (2.47) 
where 0( , ) ( , , )R Rη ξ η ξ τ∞ ≡ = ∞ , and ( )K η  is the intensity of escaped radiation in 
Mulne’s problem (i.e. for radiation sources at infinite optical depth). 
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Based on these two assumptions and the RTE, Sobolev was able to derive the 
following relationships. 
 00 0( , , ) ( , ) ( , , )
kR R T le τη ξ τ η ξ η ξ τ −∞= −   (2.48) 
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For some particular cases, closed-form approximation formulae were derived from these 
relationships.   
For isotropic scattering medium, Eqs. (47) and (48) are reduced to 
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. As the optical thickness goes to infinity, the reflectance factor 
becomes the Hapke model in the case of isotropic scattering. 
Furthermore, if the medium is non-absorbing, it follows from Eqs. (2.51) and 
(2.52) that 
 00 i i 0 i( , , , ) ( , , ) ( , , )R R Tτ µ µ φ µ µ φ τ µ µ∞= −   (2.53) 
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K µ µ≈ + , and g is the asymmetric parameter of the Heney-












  (2.55) 
where the scattering angle Θ  is angle between the propagation direction of a photon 
bundle before a scattering event and that after a scattering event. The scattering angle can 
be calculated by the zenith and azimuth angles of the light using 
 i i icos cos cos sin sin cos( )θ θ θ θ φ φΘ = + −   (2.56) 




3 153 (1 2 )
7 14
dµ µ µ∆ = + =∫  (2.57) 
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The term 0 i( , , )R µ µ φ∞  can be calculated numerically [16], or approximated in a 
closed-form formula. In order to approximate 0 i( , , )R µ µ φ∞ , the quantity is represented as 
a combination of two terms. The first term, MSR∞ , corresponds to the isotropic scattering 
that does not depend on the phase function. The second term, SSR∞ , is proportional to the 
contribution of single scattering.  Therefore,  
 0 MS SS ii 1 2
i i
1 ( )( , , )
2 4( )
R R R C Cµµµ µ φ
µ µ µ µ∞ ∞ ∞
⎛ ⎞ Φ Θ
= + = + +⎜ ⎟+ +⎝ ⎠
 (2.58) 
where 1C  and 2C  are unknown constants. It is noted that if 1 2 1C C= = , the expression 
reduces to the Hapke model. The values of 1C  and 2C  for liquid water clouds were 
reported as [54] 
 1 1C =   (2.59) 
 [ ]2 8 4.5exp 5( ) 5exp 5( )C π ∗⎡ ⎤= − − − Θ − − Θ − Θ⎣ ⎦  (2.60) 
where Θ  is the scattering angle, and ∗Θ  is the rainbow angle which equals 2.4 rad in the 
visible region. However, the author did not discuss how to determine 1C  and 2C  for a 
practical problem. It is noted that 0 i( , , )R µ µ φ∞  can be converted to the BRDF by using 
the following expression 
 0r i( , , ) /f R µ µ φ π∞=  (2.61) 
Similar conversion can be made to 0 i( , , )T τ µ µ  to get the BTDF. 
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2.5 Comparison of the Models 
All the models discussed above are in closed-forms. These models were used in 
different areas. Among the directional-hemispherical models, the Kubelka-Munk model 
and the three-flux model were mainly used in color industry. The adding-doubling model 
is the most accurate one, and widely used in the study of light scattering in biological 
tissues. For the study of the bidirectional properties, the Pierce-Marcus model was mainly 
used for color matching in color industry. The Hapke model and the Sobolev-
Kokhanovsky model were developed in the areas of atmosphere science and astrophysics. 
The applicability of these different models was limited by their assumptions and 
approximation methods during the development. Table 2.1 compares the ability of these 
models in terms of three aspects: (1) bidirectional ability; (2) the ability to predict 
properties of a medium with finite thickness; and (3) the ability to account for anisotropic 
scattering. 
 











Bidirectional No No No Yes Yes Yes 
Finite thickness Yes Yes Yes No Yes Yes 







3.1 PTFE Samples 
Five sintered Zenith PTFE samples were purchased from Sphere Optics LLC. The 
thicknesses of Samples 1 to 5 were measured with a micrometer to be 109 m 3 mµ µ± , 
259 m 3 mµ µ± , 522 m 4 mµ µ± , 1057 m 8 mµ µ± , and 10.1 mm 0.1 mm± , 
respectively. The densities of Samples 1 to 5 were measured to be 
3 31.65 g/cm 0.05 g/cm± , 3 31.82 g/cm 0.05 g/cm± , 3 31.90 g/cm 0.05 g/cm± , 
3 31.70 g/cm 0.05 g/cm± , and 3 31.52 g/cm 0.05 g/cm± , respectively. These samples were 
cut into 50 mm 50 mm×  pieces from a sheet, except for Sample 5 which came as a 
50 mm 50 mm×  piece from the manufacturer.  
Surface roughness of the samples was measured using a Digital Instruments 
MultimodeTM Atomic Force Microscope (AFM). The 3D surface scanning images are 
shown in Fig. 3.1. The area of each sample scanned by the tip of the scanning cantilever 
was 30 µm by 30 µm. The RMSs of the surface roughness of Samples 1 and 2 are 430 nm 
and 410 nm, respectively. It is noted that there are some deep pitches on the surface that 
the scanning cantilever tip of the AFM was not able to touch. The influence of these 
pitches was neglected in the calculation of RMS of the surface roughness. 
 30
(a) Sample 1 (b) Sample 2  
 
Figure 3.1 Illustration of the surface roughness of Samples 1 and 2 measured using AFM: 
(a) Sample 1; (b) Sample 2. The scanned area of both samples was 30 µm by 30 µm. 
 
3.2 Three-Axis Automated Scatterometer 
A three-axis automated scatterometer (TAAS) [55] with a 635 nm laser diode was 
used for the measurement of the BRDF and BTDF. The BRDF is defined as the reflected 








where rI  is the reflected radiance, iI  is the incident radiance, iθ  is the angle of 
incidence, and idΩ  is the solid angle of the incident light. The measurement equation of 







 (3.2)  
where iP  and oP  are the incident and reflected powers reaching the detector respectively, 
oθ  is the observation angle (i.e., polar angle of the detector), and oδΩ  is the solid angle 
 31
of the detector. The BTDF is defined in a similar way by replacing rI  with tI  (i.e., 
transmitted radiance) in both equations. A collimation lens was placed in front of the 
laser diode, resulting in a highly collimated light with a beam divergence less than 
0.0126°. A lock-in amplifier (EG&G 7265DSP) was used to produce a modulated voltage 
signal for the laser diode controller; thus the effects of stray light were minimized. The 
samples were mounted in a rotary stage so that the incidence angle iθ  could be changed. 
A detector controlled by another rotary stage measured the scattered light in an 
observation angle oθ  ranging from −90° to 90°. In front of the detector, there was an 
aperture with a diameter of 8 mm. The distance between the aperture and the sample 
holder was measured to be 522.5 mm 0.5 mm± . Consequently, the detector solid angle 
was 41.84 10 sr−×  and the half cone angle was approximately 0.45° [55]. Since the 
detector blocked the incident light, the BRDF within 3± °  of the retroreflection direction 
could not be measured. The relative uncertainty of the bidirectional property 
measurements was estimated to be 10% with a confidence level of 95%.  
Figure 3.2 shows the schematic of light scattering from a semitransparent film 
when the light is incident at i 0θ = ° . The observation angle is defined separately for the 
BRDF and BTDF as depicted in the figure. If the thickness of the sample is less than 
approximately four times of its radiation penetration depth, the transmitted collimated 
light (i.e., un-scattered light) can be distinguished from the scattered light in the parallel 
direction of the incidence. In this case, the measured BTDF should exhibit a noticeable 








Figure 3.2 A schematic of the volume scattering and the bidirectional property 
measurement. The dotted lines represent the scattered light and the solid line at the right 
side of the sample indicates the transmitted collimated (un-scattered) light. The 
observation angle oθ  is defined separately for the BRDF and BTDF measurement at a 
given incidence angle iθ . The direction in which these angles increase is indicated by 
arrows.   
 
3.3 Integrating Sphere System 
The directional hemispherical reflectance and transmittance of the PTFE films 
were measured by using a monochromator (Oriel Instruments Cornerstone 130) and an 
integrating sphere (Sphere Optics, Inc). The light source is a tungsten-halogen lamp, 
whose power output can be adjusted from a power controller. The rotation of two 
gratings inside the monochromator and the change of filters at the inlet of the 
monochromator are capable of achieving the resolution of wavelength selection to be as 
small as 10 nm [56]. The RMS fluctuation of power from the monochromator was 
estimated to be less than 1%. After the light with the selected wavelength exits the 
monochromator, it is collimated and directed to the sample through lenses and mirrors. A 
chopper is used to obtain a phase-locked signal with a high signal-to-noise ratio. The 
signal is amplified by a trans-impedance pre-amplifier before being sent to a lock-in 
 33
amplifier which picks up the phase-locked signal. The integrating sphere has an inner 
wall of 200 mm in diameter. The entrance port is 25 mm in diameter. The inner wall is 
coated with PTFE with a reflectance of approximately 0.99 in the visible range [1,56]. A 
PC based LabView program controls both the acquisition of data from the lock-in 
amplifier and the selection of wavelengths from the monochromator.  
For the measurement of reflectance, the sample to be measured is placed behind 
the port on the backside of the integrating sphere. For the measurement of transmittance, 
the sample to be measured is placed in front of the entrance port of the integrating sphere. 
The detector is placed at another port, and is shielded from the direct incidence of light 
from samples by a baffle. The relative uncertainty of the measurements of hemispherical 







THEORY AND RESULTS 
 
4.1 Modeling the Light Scattering Using RTE 
With the assumptions that the medium does not emit light (i.e., cold medium), the 
wave-like interactions are negligible, the medium is homogeneous, and that the 
polarization state is neglected, the light scattering in a PTFE film can be modeled using 
the RTE as 
 i i i4
ˆ( ) ˆ ˆ ˆ ˆ( ) ( ) ( , )
( ) 4




= − + Φ Ω
+ ∫
s s s s s  (4.1) 
where I  is the radiance, s  is the physical distance that the light travels, ω  is the 
scattering albedo defined as /( )ω σ σ α= + , ŝ  and iŝ  represent the propagation 
directions of light, iΩ  is the solid angle, and Φ  is the scattering phase function. In many 
applications, the Henyey-Greenstein function is used to represent a scattering phase 
function, and given by [57] 
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where the scattering angle Θ  is the angle between the directions of the incident light and 
the scattered light (i.e., iˆ ˆcosΘ = ⋅s s ), and g is the asymmetric parameter ranging from 














































































































































































Figure 4.1 Illustration of the shapes of the Henyey-Greenstein function with different 
values of asymmetric parameter g: (a) g = 0; (b) g = 0.2; (c) g = −0.2; (d) g = 0.5; (e) g = 
−0.5; (f) g = 0.9. 
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Figure 4.1 shows the shapes of the Henyey-Greenstein function with different 
values of g. The Henyey-Greenstein function yields isotropic scattering for 0g = . If 
0g > , there are more forwardly scattered photon bundles than backward scattered 
photon bundles. If g approaches 1, all photon bundles are scattered in the direction 
parallel to the incident light. However, if 0g < , more photon bundles are scattered 
backward than forward. If g approaches −1, all photon bundles will be scattered in the 
opposite direction of the incident light.  
 
4.2 Adding-Doubling Method and Monte Carlo Simulation 
The adding-doubling method and a Monte Carlo simulation were employed to 
solve the RTE for PTFE films. Originally introduced by van de Hulst [41], the adding-
doubling method is used to solve the RTE in a parallel slab for the prediction of its 
directional-hemispherical properties. More detailed discussion of the adding-doubling 
method is given in Section 2.2.3. Since the adding-doubling method cannot predict the 
BRDF and BTDF, a Monte Carlo simulation was developed to model the volume 
scattering.  
In the Monte Carlo simulation, the propagation of each photon bundle is 
represented by the position vector (r) and the propagation direction vector ( ŝ ) in a global 
coordinate as shown in Fig. 4.2(a). The medium with thickness d is located between 
plane 0z =  and z d= . In order to simulate a collimated light incidence, each photon 
bundle hits the origin with a fixed incidence angle iθ . The plane of incidence is set to be 
x-z plane without loss of the generosity, i.e., i i iˆ ˆ ˆcos sinθ θ= +s x y . Notice that the surface 
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scattering effects due to the interface between media with different refractive index 
values have not been considered in the present study. Therefore, each photon bundle 
penetrates the medium in a certain distance and then starts to be scattered. Each scattering 
event is completely volume scattering which is independent on the number of particles. In 
other words, the mean-free-path of the photons should be greater than the wavelength of 
the photons.  
After the photon bundle is released, the step size of the initial propagation or 







where σ  is the scattering coefficient, α  is the absorption coefficient, and 1R  is a 
uniform random number between 0 and 1, which is generated based on the quasi-random 
sequence [58,59]. This equation guarantees the mean-free-path of a photon bundle to be 

















Figure 4.2 The relationship of the direction vectors of a photon bundle after a scattering 
event ( ˆ′s ) and before a scattering event ( ŝ ): (a) the global coordinate and the direction 
vector of the incident light; (b) direction vectors of a photon bundle before and after a 
scattering event. The direction vectors are described by polar angle θ  and the azimuth 
angle φ  relative to the local coordinate ( â , b̂ , ŝ ) that is fixed on the photon bundle. 
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The direction of the photon bundle ( ˆ′s ) after a scattering event is described by the 
polar angle θ and the azimuth angle φ with respect to the direction vector ŝ  before the 
scattering event, as shown in Fig. 4.2(b). The azimuth angle is assumed to be uniform 
(i.e., the scattering is isotropic in the azimuthal direction). The polar angle can be 
determined from a scattering phase function. In the present study, the Henyey-Greenstein 
scattering function [57] is employed. Therefore, cosθ  can be obtained with a generated 
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  (4.4) 
where g is the asymmetric parameter. The azimuth angle is determined by 32 Rφ π=  with 
another random number 3R . Once θ and φ are determined, the direction vector after 
scattering ˆ′s  is determined in the local coordinate ( ŝ , â , and b̂ ). The vector b̂  directs 
the reference zero for the azimuth angle φ. First, the ŝ  is rotated counterclockwise with 
respect to the vector b̂  by θ . The resulting vector is then rotated counterclockwise with 
respected to the vector ŝ  by φ.  
 ˆˆ ˆ ˆcos sin cos sin sinθ θ φ θ φ′ = + +s s a b  (4.5) 
 ˆˆ ˆ ˆsin cos cos cos sinθ θ φ θ φ′ = − + +a s a b  (4.6) 
The new position vector of the photon bundle is thus, ˆl′ ′= +r r s . The energy of 
the photon bundle reduces to E Eω′ = , where E is the energy of the photon bundle before 
the scattering event. The photon bundle is considered to be reflected from or transmitted 
 39
through the medium if the projection of the position vector on the z axis is less than zero 
or greater than d, respectively.  
In the Monte Carlo simulation, the directional-hemispherical reflectance is 
calculated as the summation of the energy of the reflected photon bundles divided by the 
total number of photon bundles. Similarly, the directional-hemispherical transmittance is 
calculated as the summation of the energy of the transmitted photon bundles divided by 
the total number of photon bundles. The calculated R using the Monte Carlo simulation 
with a photon bundle number of 61 10×  is in agreement with that using the adding-
doubling method within a statistical fluctuation of 0.5%. In order to determine the BRDF 
and BTDF, an imaginary detector with a solid angle of 31.76 10 sr−×  is placed in 5° 
intervals in the corresponding hemisphere. Similar to the actual measurement, the total 
energy received by the imaginary detector at each position is determined by the number 
of photon bundles that hit the detector during the simulation. For the calculation of BRDF 
and BTDF, 72 10×  photon bundles are used and each run takes approximately 2.5 hours 
of CPU time with a 3.2 GHz Pentium 4 processor when the thickness of the sample is 0.1 
mm. The resulting relative uncertainty between the BRDF/BTDF and their fitting curves 
is around 1.5 %. 
 
4.3 Determination of Coefficients Used in RTE 
4.3.1 Determination of the reduced scattering coefficient 
From the adding-doubling method and Monte Carlo simulation, it is found that 
the scattering coefficient, σ , and the asymmetric parameter g are coupled.  If the 
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absorption coefficient is negligible, then the reflectance and transmittance of a sample 
only depend on the physical thickness of the sample and the reduced scattering 
coefficient ' (1 )gσ σ= − .  
Figure 4.3 shows the relationship between the directional hemispherical 
reflectance and the asymmetric parameter g of the scattering phase function when the 
reduced scattering coefficient is fixed at 1167 cm− . Both the Monte Carlo simulation and 
the adding-doubling method produce a directional hemispherical reflectance of 0.48 
regardless of the g value. The Monte Carlo simulation was performed 5 times at each g 
value. The standard deviation of the Monte Carlo simulation result at each g value is less 


















d = 109 µm
σ' = 167 cm−1
 
Figure 4.3 The coupling of σ  and  g. The sample thickness is 109 µm. The reduced 
scattering coefficient is 1167cm− . The squares represent calculation using the adding-
doubling method. The dots represent the Monte Carlo simulation. 
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If the absorption coefficient is negligible, the directional-hemispherical properties 
of the PTFE films depend only on the film thickness and the reduced scattering 
coefficient [42]. In order to estimate σ , the directional-hemispherical properties were 
obtained by integrating the measured BRDF and BTDF over the hemisphere. Figure 4.4 
shows the measured and fitted BTDF of Sample 1 at normal incidence. For Sample 1, 
eight measurements were conducted at different locations on the sample for each 
observation angle. Figure 4.4(a) shows the eight measurements of the BTDF in the range 
of observation angle from 0° to5°. The dashed lines show the error bounds with 95% 
confidence interval. Figure 4.4(b) shows the average of the measured BTDF (circles) and 
the fitted (solid line) BTDF of Sample 1 at normal incidence. The measurement was 
conducted by moving the detector from o 0θ =  to 5° in 1° increments and from 5° to 78° 
in 3° increments. Error bars standing for the measurement uncertainty of 95% confidence 
interval were also plotted. The measured results beyond 78° are not reliable because of 
the alignment error.  
Since the measured BTDF exhibits some fluctuations due to the measurement 
uncertainty and sample inhomogeneity, a quadratic equation is used to fit the BTDF data. 
The standard error of estimate (SEE) of the fitted equation is 3 11.5 10 sr− −× . Notice that 
the extrapolation of the fitted equation in the oθ  range from 78° to 90° is performed 
before the integration and the relative error of the extrapolation is estimated to less than 
0.5%. In addition, the BTDF is assumed to be symmetric with respect to o 0θ = . The 
directional-hemispherical properties of Sample 1 and other samples were obtained by 











































Figure 4.4 BTDF of Sample 1 at normal incidence: (a) eight measurements at each 
observation angle in the range from 0° to 6°; (b) average of the eight measurements in the 
range of observation angle from 0° to 90°. The markers represent the measured data and 
the solid line indicates the fitted quadratic equation. The dashed lines show the error 
bounds with 95% confidence interval. The error bars show the uncertainty of eight 
measurements at each observation angle with 95% confidence interval. 
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Table 4.1 The directional-hemispherical reflectance and transmittance of the PTFE 
samples obtained by integrating the measured BRDF and BTDF at normal incidence. 
 
 Sample 1 Sample 2 Sample 3 Sample 4 
R 0.591 0.766 0.871 0.976 
T 0.451 0.299 0.190 0.095 
R+T 1.042 1.065 1.061 1.071 
R/T 1.310 2.562 4.584 10.383 
 
Table 4.1 lists the calculated reflectance and transmittance of Samples 1 to 4 
based on the measured BRDF and BTDF. It is noted that the summation of R and T for 
Samples 1 to 4 is consistently greater than unity by approximately 7%. This is due to the 
biased uncertainty of the scatterometer. The reduced scattering coefficient can be 
obtained by fitting R/T of Samples 1 to 4 using the adding-doubling method with the 
measured thicknesses. The ratio of R/T, instead of R and T, is chosen because the biased 
uncertainty can be cancelled out in the ratio if the effect of the biased uncertainty is the 
same in the BRDF and BTDF measurements. 
Figure 4.5 shows the R/T ratio based on the measured BRDF and BTDF and 
calculated values using the adding-doubling method with the best fitted σ ′ . The circles 
represent the measured data and the triangles indicate the calculated values. The SEE 
between the measured and the calculated R/T values reaches the minimum of 0.355 
around 1167 cmσ −′ = . Considering the measurement uncertainty, the reduced scattering 
coefficient is estimated to be 1 1167 cm 20 cmσ − −′ = ± . In this σ ′  range, the R/T value 
will vary by approximately ±13%. Here, the obtained σ ′  value is approximately one 













d (mm)  
Figure 4.5 The ratio of R/T obtained from the integration of measured BRDF and BTDF 
(circles) and that calculated using adding-doubling method (squares). The parameters 
used for calculation are 1167 cmσ −′ =  and 0.9g = .  
 
While in general the reflectance and transmittance are complicated functions of 
the film thickness, the ratio R/T exhibits a linear dependence on the film thickness. In Fig. 
4.5, the calculated R/T values are intentionally extended to the thickness of 10 mm. It can 
be clearly seen that the R/T ratio is in linear relationship with the film thickness from 0.1 
mm to 10 mm. The measurements also follow the linear trend although there are some 
deviations from the predicted value. A linear regression shows that the linear relationship 
between R/T and the film thickness can be represented by / 0.59R T dσ ′= . From the 
calculations using different values of the reduced scattering coefficient, it shows that the 
constant of 0.59 does not depend on the reduced scattering coefficient. The linear 
regression line is denoted by the dashed-dot line in the figure.  
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It is noted that for highly scattering and non-absorbing medium, the linear 
dependency of R/T on dσ ′  can be derived from some approximation models such as the 
Kubelka-Munk model (i.e., two flux model) [31,32] and the three flux model [13]. Star et 
al. [61] reported the transformation between the scattering coefficient used in the 
Kubelka-Munk model and the scattering coefficient σ  of RTE. By solving the governing 
equations of these models, it shows that the ratio of R/T is in linear relationship with dσ ′  
similar as that calculated using the adding-doubling method. The linear dependency of 
R/T on film thickness for highly scattering and non-absorbing medium can be obtained 
from all these models including the adding-doubling method, Monte Carlo simulation, 
Kubelka-Munk model, and the three flux model. Although there are some variations in 
the final analytical expressions depending on different models and approximations, the 
linear relationship provides a very simple approach for the determination of the reduced 
scattering coefficient of PTFE films by measuring R and T of a sample with known 
thickness. The linearity of R/T will be discussed in detail in Section 4.3.4. 
 
4.3.2 Estimation of the absorption coefficient 
Table 4.2 lists the calculated R and T of the 10-mm-thick PTFE slab using the 
adding-doubling method. The parameters are set to be 1167 cmσ −′ =  and 0.9g =  (i.e., 
11670 cmσ −= ). As mentioned in the previous section, the reduced scattering coefficient 
is the dominant factor in determining the hemispherical properties. Hence, the calculation 
shown in Table 4.2 is also applicable for different g values as long as σ ′ is fixed. The 
absorption coefficient is determined to be less than 10.01 cm−  by assuming the 
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directional-hemispherical reflectance of the 10-mm-thick sample to be greater than 0.977. 
It should be noted that the measured values are usually greater than 0.98 [6]. Since the 
obtained absorption coefficient is at least four orders of magnitude smaller than the 
scattering coefficient, the absorption in PTFE films is neglected hereafter. 
In Table 4.2, the adding-doubling calculation suggests that the 10-mm-thick slab 
can have a non-zero transmittance as large as 0.001 when the absorption is neglected. In 
order to assess the transmittance value, the directional-hemispherical transmittance of 
Sample 5 was measured using the integrating sphere with a 635 nm laser diode as the 
light source. From the integrating sphere measurements, the transmittance of 10-mm-
thick slab is estimated to be 0.007 0.002± , which indicates that the absorption coefficient 
should be less than 10.01 cm−  (refer to Table 4.2). The uncertainty associated with the 
integrating sphere was greater than the scatterometer. Therefore, it was not used to 
measure the directional-hemispherical properties of the samples in the previous section.  
 
Table 4.2 The influence of the absorption coefficient on the directional-hemispherical 
reflectance and transmittance of the 10-mm-thick PTFE slab when 11670 cmσ −=  and 
0.9g = . 
 
α ( 1cm− ) ω R T 
0.0000 1.00000000 0.9899 0.0101 
0.0001 0.99999994 0.9898 0.0100 
0.0010 0.99999940 0.9883 0.0093 
0.0050 0.99999701 0.9827 0.0068 
0.0070 0.99999581 0.9803 0.0059 
0.0100 0.99999401 0.9770 0.0048 




4.3.3 Ranges of the scattering coefficient and the asymmetric parameter 
If the collimated light transmittance cT  is available, the scattering coefficient can 
be easily determined by using Beer’s law, c exp( )T dσ= − . In most cases, however, the 
collimated light transmittance cannot be measured unless the thickness of the PTFE 
sample is less than 30 µm which is approximately four times the mean free path. 
Although the collimated light transmittance was not observed for the PTFE samples due 
to their relatively large thicknesses, a range of the scattering coefficient of PTFE as well 
as the approach that was used to determine this range are reported in this section. 
As discussed earlier, Fig. 4.4 shows the measured and fitted BTDF of Sample 1 at 
normal incidence. At each observation angle, the BTDF was measured eight times at 
different locations of Sample 1 by rotating the sample 45° after each measurement. Since 
the laser beam was not pointing at the center of the sample, the location of the laser spot 
changed when the sample was rotated. For the other samples, only one measurement was 
conducted at a fixed location. Figure 4.4(a) shows the eight measured BTDF values with 
different markers at each observation angle in the range from 0° to 6°. The fitted curve 
and the error bounds with 95% confidence interval were also shown in the figure. Figure 
4.4(b) shows the average of the eight measured BTDF values at each observation angle 
and the fitted curve in the range from 0° to 90°. The error bars show the measurement 
uncertainty with 95% confidence interval. The average uncertainty of BTDF is estimated 
to be 10.012 sr− , and could be from the instrument as well as the inhomogeneity of the 
sample.  
As can be seen in Fig. 4.4, the BTDF of the 109-µm-thick sample does not show a 
peak at o 0θ = ° , suggesting that the transmitted collimated light is overwhelmed by the 
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scattered light in the parallel direction to the incidence. Because the difference of BTDF 
between the 0° observation angle and its adjacent angles is negligible comparing with the 
measurement uncertainty, the BTDF due to collimated light transmittance must be less 
than the uncertainty. Otherwise, a distinguishable peak should appear at 0° in Fig. 4.4. 
Therefore, the upper limit of the collimated light transmittance can be obtained by 
multiplying the solid angle of the detector and the uncertainty of the BTDF measurement. 
Using the Beer’s law, the lower limit of the scattering coefficient is estimated to be 
11200 cm− .  
Under the condition that the wave-like interactions and the dependent scattering 
are negligible, the mean free path should be greater than the wavelength of incident light. 
It is assumed that the mean free path is 2 µm, which is approximately three times the 
wavelength of the laser (i.e., 635 nm). With this assumption, the upper limit of the 
scattering coefficient is determined to be 15000 cm− . Based on the reduced scattering 
coefficient and the range of the scattering coefficient, the asymmetric parameter should 
be between 0.861 and 0.967, suggesting that PTFE is a highly forward scattering 
material. Comparing with the parameters of biological tissues, the scattering coefficient 
of PTFE is approximately ten times larger [28].  
 
4.3.4 The linearity of R/T 
It is noted that for highly scattering, non-absorbing medium, the linear 
dependency of R/T on film thickness can be derived from light scattering models such as 
the Kubelka-Munk model (i.e., two flux model) [31,32] and the three flux model [13]. If 
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the absorption is negligible, the reflectance and transmittance calculated using the 

















where KMS  is the scattering coefficient in the Kubelka-Munk model, and d is the 
thickness of the medium. Star et al. [61] found that the transformation between the 
Kubelka-Munk scattering coefficient KMS  and the scattering coefficient σ  of RTE is 
[ ]KM 3 (1 ) / 4S gσ α= − − . Therefore, the Kubelka-Munk model produces 
/ 0.75R T dσ ′= . Note that from adding-doubling calculation, the constant is 0.59 instead 
of 0.75. This difference could be due to the simplification of the Kubelka-Munk model. 
Comparing with the Kubelka-Munk model that assumes the incidence of diffuse 
light on the medium, the three flux model considers the incidence of collimated light. By 
assuming isotropic scattering phase function (i.e., 0g =  or σ σ ′= ) and non-absorption 




σ= −  (4.9) 
 2 1 2 32
dF F SF SF
dx
σ
= − +  (4.10) 
 3 1 2 32
dF F SF SF
dx
σ
= − + −  (4.11) 
where 1F , 2F , and 3F  are the collimated flux, diffuse flux in the forward direction, and 
diffuse flux in the backward direction, respectively, σ  is the scattering coefficient used 
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in RTE, S is the scattering coefficient from a diffuse flux in one direction to the diffuse 
flux of the opposite direction, and x represents the coordinate. With boundary condition 
1(0) 1F =  (i.e., the incident light flux equals 1), it is found that 1
xF e σ−= . 2F  and 3F  can 
be solved using boundary conditions 2(0) 0F =  and 3( ) 0F d = . Here, d is the thickness of 
the medium. The reflectance, diffuse light transmittance, and collimated light 
transmittance are expressed as: 3(0)R F= , d 2( )T F d= , and c 1( )T F d= , respectively. The 
transmittance (T ) is the summation of the diffuse light transmittance ( dT ) and the 
collimated transmittance ( cT ). In the case of 1dσ >> , the exponential term 
de σ−  appears 
during the derivation can be neglected, and the ratio of R/T calculated using the three flux 











For isotropic scattering phase function [13], 0.75S σ= , Eq. (4.12) reduces to  
 / 0.6 0.2R T dσ= −  (4.13) 
In the case of 1dσ << , the exponential term appears during the derivation can be 
approximated as 1de dσ σ− = − . Then the ratio of R/T calculated using the three flux 










The linear dependency of R/T on film thickness for highly scattering, non-
absorbing medium can be derived from all these light scattering models including the 
adding-doubling method, Monte Carlo simulation, Kubelka-Munk model, and the three 
flux model. There are some variations in the final analytical forms of the expressions 
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depending on different models and approximations used during the derivation. Actually, 
from the calculation using the adding-doubling method, the linearity between R/T and 
dσ ′  changes with the range of dσ ′ : (1) In the range of 1σ ′ <<  (i.e., 
0.02 0.17dσ ′<< << ), the equation is / 0.26R T dσ ′= ; (2) In the range of dσ ′  around 1 
(i.e., 0.3 9dσ ′<< << ), the equation is / 0.58 0.13R T dσ= − ; and (3) In the range of 
1dσ ′ >>  (i.e., 18 1670dσ ′<< << ), the equation is / 0.59R T dσ ′= .  
This linear relationship between the R/T ratio and dσ ′  provides a very simple 
approach for the determination of the reduced scattering coefficient of PTFE films. 
Theoretically, the measurement of R and T of just one sample with known thickness is 
enough for the determination of the reduced scattering coefficient. Because of its 
superiority in both accuracy and efficiency, the adding-doubling method is used here for 
the calculation of the R/T ratio. 
 
4.4 Comparison of BRDF and BTDF between Models and Measurements 
Figure 4.6 shows the measured and calculated BRDF of Samples 1 to 5 at normal 
incidence. The observation angle ranges from −75° to 75°. Different from the 
measurement of BTDF in Fig. 4.4, the BRDF of Samples 1 to 5 was measured in 10° 
intervals except for o 5θ = ± ° . The solid lines represent the fitted polynomial curves of 
BRDF with a SEE less than 10.008 sr−  and 10.004 sr−  for the measured values and 

















































Figure 4.6 BRDF of all samples at normal incidence: (a) measurement; (b) Monte Carlo 
simulation. The symbols represent the measured and calculated values. The solid lines 
represent fitted curves of BRDF. The numbers with arrows indicate the corresponding 
sample.  
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The measured BTDF in Fig. 4.6(a) exhibits nearly diffuse characteristics. For 
instance, the BRDF of the 10-mm-thick sample varies from 10.30 sr− to 10.37 sr−  in the 
considered oθ  range. For an opaque, nonabsorbing, and perfectly diffuse reflector, the 
BRDF should be a constant of 10.318 sr− . The slightly larger variation of the BRDF of 
Sample 5 compared to the perfect diffuser is mainly due to the hump near o 0θ = ° . In a 
round robin test of the PTFE material, Early et al. [62] also reported similar variation of 
the BRDF of opaque PTFE samples at normal incidence. As the sample thickness 
decreases, the corresponding BRDF value decreases because of the increased 
transmission. Interestingly, the hump in the BRDF near o 0θ = °  becomes more obvious 
as the thickness decreases. Due to the measurement uncertainty of the laser scatterometer, 
the measured BRDF does not exhibit perfect symmetry with respect to o 0θ = ° .  
The predicted BRDF using the Monte Carlo simulation is plotted in Fig. 4.6(b). In 
the calculation hereafter, the parameters of RTE are set to be 1167cmσ −′ =  and 0.9g = . 
Compared with the measurements, the Monte Carlo simulation is able to predict the 
general trend of the BRDF. The Monte Carlo results do not show the hump near o 0θ = °  
for all samples. This suggests that the hump in the measured BRDF may be caused by 
surface scattering effects due to the refractive index mismatch, which is not considered in 
the simulation. Although the directional-hemispherical properties predicted by the Monte 
Carlo simulation agree very well with the measurements, the bidirectional properties 














































Figure 4.7 BTDF of Samples 1 to 4 at normal incidence: (a) measurement; (b) Monte 
Carlo simulation.  The symbols represent the measured and calculated values. The solid 





Figure 4.7(a) shows the measured BTDF of Samples 1 to 4 at normal incidence. 
Since the transmittance of Sample 5 is less than 0.01, the BTDF of Sample 5 is not 
reported here. The solid lines represent fitted polynomial curves of BTDF with a SEE 
less than 10.003 sr−  for both the measured values and calculated values. As expected for 
Samples 1 to 4, the BTDF increases when the sample thickness decreases. The 
measurements reveal that the BTDF of each sample appears flatter than the BRDF. This 
can be explained by the multiple scattering of photon bundles inside the film. In order for 
the photon bundles to transmit through the PTFE films, they need to experience 
numerous scattering events, resulting in random propagation in the medium. Therefore, 
the BTDF of Sample 4 with thickness of 1 mm is nearly uniform in the considered 
observation angle range.  
Figure 4.7(b) shows the Monte Carlo simulation of BTDF. The calculated BTDF 
captures the essential features of the measured BTDF. On the other hand, there exist 
larger deviations between the calculated and measured BTDF for thinner samples. For 
Sample 1, the calculated BTDF varies from 10.11 sr−  to 10.21 sr− , but the measured 
BTDF is relatively flat.  
The effects of incidence angle on the BRDF are shown in Fig. 4.8. Figure 4.8(a) 
shows the measured BRDF of Sample 2 at incidence angles of 0°, 30°, 50°, and 70°. The 
measurements were performed with a linear polarizer to separate the polarization state of 
the light at oblique incidence. In the present paper, the polarization-dependent volume 
scattering is not considered, and the measured BRDF is the average of p- and s-
polarizations. At oblique incidence, the measured BRDF exhibits specular peaks, which 
become more obvious if o 50θ > ° . Such specular peaks in the BRDF are generally 
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observed in the surface scattering from rough samples [63]. The measurements at oblique 
incidence angles suggest that the surface scattering effect may exist in the studied PTFE 
samples. The BRDF for backscattering (i.e., o 0θ < ° ) decreases as the incidence angle 
increases.  
As shown in Fig. 4.8(b), the Monte Carlo simulation is in reasonable agreement 
with the measurements. It is noted that the calculated BRDF follows the reciprocity 
principle. However, since the surface scattering effect is not included in the simulation, 
the predicted BRDF does not have specular peaks. It can be seen that the predicted BRDF 
at i 50θ = °  and 70° continuously increases as oθ  increases. This feature in the BRDF can 
be explained by the highly forward scattering phase function. As photon bundles hit the 
top surface of the PTFE film at larger incidence angles, more photon bundles will 
penetrate only a very shallow depth and scatter much less before leaving the top surface 
than those at normal incidence. Hence, the BRDF at oblique incidence increases as the 
observation angle becomes larger. 
The deviation of the calculation from the measurement is attributed to the 
complexity of actual volume scattering in the PTFE films. It is important to note that the 
Henyey-Greenstein phase function is only an approximation and may not fully capture 
the real scattering phase function of PTFE. Although the Henyey-Greenstein phase 
function has also been used to model the scattering of snow, the rigorous modeling and 
measurement demonstrated that the phase function of snow has some irregularities which 
cannot be depicted by the Henyey-Greenstein function [64]. Furthermore, the Monte 
Carlo simulation does not consider wave-like interactions in the scattering. Nevertheless, 




























































Figure 4.8 BRDF of Sample 2 at incidence angles of 0°, 30°, 50°, and 70°: (a) 
measurement; (b) Monte Carlo simulation. The symbols represent the measured and 





























































Figure 4.9 BTDF of Sample 2 at incidence angles of 0°, 30°, 50°, and 70°: (a) 
measurement; (b) Monte Carlo simulation. The symbols represent the measured and 
calculated values. The solid lines represent fitted curves of BTDF at normal incidence. 
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Figure 4.9 shows the measured and calculated BTDF of Sample 2 at various 
angles of incidence. The solid lines represent fitted polynomial curves of BTDF with a 
SEE less than 10.003 sr−  for both the measured values and the calculated values. The 
BTDF decreases as the incidence angle increases. The noticeable feature of the BTDF is 
that it is symmetric with respect to o 0θ = °  even at oblique incidence. This is because the 
volume scattering dominates the movement of transmitted photon bundles. When the 
photon bundles penetrate through the PTFE film, they have been redirected into random 
directions and are not affected by the incidence angle anymore after several scattering 
events. It should be noted that an attempt to unambiguously determine σ and g based on 
the bidirectional properties has been made. However, the calculation reveals that BRDF 
and BTDF, even at oblique incidence, are nearly insensitive to the asymmetric parameter 
g in the range from 0.80 to 0.98 if the reduced scattering coefficient is fixed. 
 
4.5 The Validity of Analytical Expressions of BRDF and BTDF  
As discussed in Chapter 2, there are some analytical expressions of bidirectional 
properties, including the Hapke model, Pierce-Marcus formulae, and the Sobolev-
Kokhanovsky model. However, there are some limitations associated with these 
analytical models. For the Hapke model, the medium is limited to infinite depth. The 
Pierce Marcus model requires the medium to be isotropic in scattering. Although the 
Sobolev-Kokhanovsky model does not limit the medium to be infinite depth or isotropic 
in scattering, there is no effective method to determine the two unknown parameters ( 1C  
and 2C  in Eq. (2.58)) in the model. However, if the scattering of the medium is isotropic, 
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then it follows that 1 2 1C C= = . Therefore, these analytical models become applicable if 
the PTFE material can be treated as an isotropic scattering medium. 
Fortunately, since light scattering in the PTFE material is in the diffusion regime 
(i.e. scattering dominant regime), the medium can be treated as isotropic scattering by 
using the reduced scattering coefficient 1(1 ) 167 cmgσ σ −′ = − = . As discussed earlier, 
the PTFE material is a highly forward scattering material with a scattering coefficient σ  
greater than 11200 cm−  and an asymmetric parameter g greater than 0.8. The movement 
of photon bundles inside the medium can be described by random walks of step size less 
than 41/ 8.3 10 cmσ −= ×  whose deflection angle is described by the scattering phase 
function. Equivalently, the diffusion of photon bundles can be described in a random 
walk of step size of 31/ 6.0 10 cmσ −′ = ×  where each step involves isotropic scattering. 
Based on this reasoning, the PTFE will be treated as an effective medium that is isotropic 
scattering with a scattering coefficient of 1167 cm−  so as to apply the analytical 
expressions of BRDF and BTDF. 
In the case of non-absorbing media, isotropic scattering, and infinite optical 
thickness, the BRDF expression can be expressed as 
 i ir,
i
2( ) 4 1
4 ( )






where cosµ θ=  and i icosµ θ= . This expression can be derived from all the analytical 
models including the Hapke model, Pierce-Marcus formulae, and the Sobolev-
Kokhanovsky model discussed in Chapter 2. 
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If the optical thickness is finite, the Pierce-Marcus formulae express the BRDF 
and BTDF as  
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where both the X and Y functions, given in Eqs.(2.41) and (2.42), are functions of optical 
thickness. According to the Sobolev-Kokhanovsky model, the BRDF and BTDF are 
given as 
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where τ  is the optical thickness, 
1 2
00
3 ( )K dµ µ µ∆ = ∫ , and 0( )K µ  can be approximated 
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Figure 4.10 shows both the Monte Carlo simulation and the Sobolev-
Kokhanovsky modeling of the BRDF of Samples 1 to 5 at normal incidence. The dots 
and the lines represent the Monte Carlo simulation and the Sobolev-Kokhanovsky model, 
respectively. As in previous section, the parameters used in the Monte Carlo simulation 
are 1167cmσ −′ =  and 0.9g = . For the analytical model, the parameters are set as 
1167cmσ −=  and 0g =  (i.e. isotropic scattering). In diffusion regime, the parameter 
settings used in the Monte Carlo simulation are equivalent to that used in the analytical 
model.  The analytical model agrees very well with the Monte Carlo simulation for all the 
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samples except for observation angles larger than 60°. The deviation at large observation 
angle increases as the sample thickness decreases.  
Figure 4.11 shows both the Monte Carlo simulation and the Sobolev-
Kokhanovsky model of the BTDF of Samples 1 to 4 at normal incidence. The dots and 
the lines represent the Monte Carlo simulation and the Sobolev-Kokhanovsky model, 
respectively. The parameters used in the Monte Carlo simulation and the analytical model 
are the same as in Figure 4.10. The analytical model agrees very well with the Monte 
Carlo simulation for all the samples in the entire range of observation angle. The 
deviation at large observation angle shown in the BRDF modeling does not appear in the 
BTDF modeling. Comparing with the Monte Carlo simulation, the analytical model is 
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Figure 4.10 Comparison between the Monte Carlo simulation of the BRDF of Samples 1-
5 and the analytical model of BRDF (Sobolev-Kokhanovsky Model) at normal incidence. 
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Figure 4.11 Comparison between the Monte Carlo simulation of the BTDF of Samples 1-
4 and the analytical model of BTDF (Sobolev-Kokhanovsky Model) at normal incidence. 
The dots represent the Monte Carlo simulation. The lines represent the analytical model. 
 
Figure 4.12 shows both the Monte Carlo simulation and the Pierce-Marcus model 
of the BRDF of the samples at normal incidence. The dots and the lines represent the 
Monte Carlo simulation and the analytical model, respectively. Again, the parameters 
used in the Monte Carlo simulation and the analytical model are the same as that in 
Figure 4.10. The analytical model agrees very well with the Monte Carlo simulation for 
Samples 2-5 except for observation angles larger than 60°. However, the analytical model 
deviates from the Monte Carlo model significantly for Sample 1 which is the thinnest 
sample.  
Figure 4.13 shows both the Monte Carlo simulation and the Pierce-Marcus model 
of the BTDF of the samples at normal incidence. The analytical model agrees very well 
with the Monte Carlo simulation for Samples 2-5. Again, the Pierce-Marcus model 
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Figure 4.12 Comparison between the Monte Carlo simulation of the BRDF of Samples 1-
5 and the analytical model of BRDF (Pierce-Marcus Model) at normal incidence. The 
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Figure 4.13 Comparison between the Monte Carlo simulation of the BTDF of Samples 1-
4 and the analytical model of BTDF (Pierce-Marcus model) at normal incidence. The 
dots represent the Monte Carlo simulation. The lines represent the analytical model. 
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For Samples 2 to 5, both the Pierce-Marcus formulae and the Sobolev-
Kokhanovsky model can provide similar accuracy in the prediction of BRDF and BTDF 
at normal incidence. For samples as thin as Sample 1, the Pierce-Marcus formulae 
produce significant error in the prediction of BRDF and BTDF. However, the accuracy of 
the Sobolev-Kokhanovsky model does not deteriorate even when the optical thickness of 
the sample reduces to a magnitude similar to Sample 1. Under appropriate scattering 
regime, these analytical models are not only highly efficient in calculation but also 
similar in accuracy as Monte Carlo simulation. It should be noted that these models are 
effective for normal incidence only. 
 
4.6 Wavelength Dependence of the Directional-Hemispherical Properties 
The directional-hemispherical reflectance and transmittance of the PTFE films 
were measured using the system of monochromator and integrating sphere. The 
wavelength ranges from 400 nm to 700 nm. The background signal was obtained by 
shooting the light on to the inner wall of the integrating sphere without attaching any 
sample onto it. For the measurement of the reflectance, the PTFE films were placed on 
the port on the backside of the integrating sphere. For the measurement of the 
transmittance, the PTFE films were placed on the entrance port of the integrating sphere.  
As shown in Fig. 4.14, as the thickness of the sample increases the reflectance 
increases, and the transmittance decreases. The reflectance of the 10 mm slab is 
approximately unity across the wavelength range. For all the thinner samples, as the 
wavelength increases the reflectance decreases, and the transmittance increases. It seems 











































Figure 4.14 Directional-hemispherical reflectance and transmittance of the PTFE samples 
measured using the integrating sphere system: (a) reflectance; (b) transmittance. The 




PTFE has been used as whiteness standard in colorimetry. The color of PTFE can 
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where 65( )D λ  is the light source, ( )R λ  is the reflectance, and ( )x λ , ( )y λ , and ( )z λ  
are the color-matching functions. The weights, X, Y, and Z define a color in the CIE 
XYZ space. 
After projecting the space to the 1X Y Z+ + =  plane, the x and y values can be 
determined in the resulting 2D space (i.e. the CIE chromaticity diagram) using Eq. (4.16). 
In the CIE chromaticity diagram, the constant energy white point is located at 
1/ 3x y= = . The X, Y and Z values were determined based on the directional-
hemispherical reflectance of PTFE films. The directional-hemispherical reflectance of 
each sample as a function of wavelength was determined by fitting the directional-
hemispherical reflectance measurement in the range from 400 nm to 700 nm. 
Furthermore, this function can be extrapolated into the full visible range (i.e. 380 nm to 
780 nm). The (x, y) values of Samples 1 to 5 determined using Eqs. (15) and (16) are 
(0.309, 0.327), (0.310, 0.328), (0.312, 0.329), (0.313, 0.330), and (0.314, 0.331), 
respectively. Although there is slight variation of the x and y values as the sample 
thickness changes, these values are very close to the constant energy white point (i.e. 
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 (4.16) 
Figure 4.15 shows the position of the color of PTFE in the CIE chromaticity 
diagram. The dot in the center of the diagram represents the color of PTFE. Due to its 
diffuse characteristics and its approximation to the white point, PTFE is used as 
whiteness standards in colorimetry [7,8]. 
  
Figure 4.15 The color of PTFE in the CIE xy chromaticity diagram. The dots represent 
the x and y values of PTFE in the CIE chromaticity diagram. The numbers in the inset 






The ranges of the RTE parameters of PTFE were determined by measuring the 
BRDF and BTDF of five PTFE films using a laser scatterometer. The directional-
hemispherical reflectance and transmittance were derived by the integration of BRDF and 
BTDF data over the hemisphere. The ratio of the directional-hemispherical reflectance 
and transmittance of the samples were compared with the calculated values by using the 
adding-doubling method in order to determine the reduced scattering coefficient. It was 
found that the R/T ratio linearly depends on the film thickness. The comparison shows 
that the reduced scattering coefficient of PTFE is 1167 cm− . The lower limit of the 
scattering coefficient is determined as 11200 cm−  by analyzing the BTDF measurement 
of Sample 1 at normal incidence. The asymmetric parameter of the scattering phase 
function was estimated to be between 0.861 and 0.967, depending on the scattering 
coefficient. The absorption coefficient was determined to be less than 10.01 cm− .  
Contrary to previously reported scattering coefficient and absorption coefficient 
of PTFE being similar to those of biological tissues, this study revealed that the scattering 
coefficient of PTFE is nearly 10 times greater than that of typical tissues while the 
absorption coefficient of PTFE is much less. The present study calls for careful 
distinction between the directly transmitted light and scattered light towards the direction 
parallel to the incidence. This is important for future research of light scattering in 
biological media for disease diagnostics and laser medicine. 
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While the directional-hemispherical properties agree well between the Monte 
Carlo simulation and adding-doubling method and also seem to be able to explain the 
experimental results, the BRDF and BTDF deviate significantly between simulation and 
measurements. Possible reasons are (1) scattering phase function of PTFE is much more 
complicated than the simple Henyey-Greenstein function; (2) there are coherent wave-
like interactions that make it difficult to apply the RTE in such a highly scattering 
medium. Future studies are needed to understand the micro/nanostructures and how light 
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